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We present a family of alchemical perturbation potentials that allow the calculation of hydration free energy of small to
medium-sized molecules in a single perturbation step. We also present a general framework to optimize the parameters
of the alchemical perturbation potentials based on avoiding first order pseudo phase transitions along the alchemical
path. We illustrate the method for two compounds of increasing size and complexity: ethanol and 1-naphtol. In each
case we show that convergence of the hydration free energy is achieved rapidly when conventional approaches fail.
I. INTRODUCTION
The hydration free energy of a compound is defined as the
the reversible work for transferring one molecule of the com-
pound from the gas phase to the water phase.1 The hydra-
tion free energy is an important characteristic of a substance.
For instance it is one of the determinant factors of the wa-
ter solubility of drug formulations2 and of the binding affin-
ity of an inhibitor towards a protein receptor.3 Hydration free
energies are most commonly derived from Henry’s constant
measurements.4
Free energies of hydration can also be estimated
computationally.5 Most commonly this is accomplished by
molecular simulations of alchemical transformations in which
solute-solvent interactions are progressively turned on. The
nature of the alchemical transformation is critical to obtaining
reliable results. For compounds other than the smallest so-
lutes, a single direct alchemical process in which the coupling
between the solute and the solvent is increased in a simple
linear fashion has been found to be problematic for anything
other than the smallest solutes (monoatomic atoms and ions,
water, methane, etc.).6 Some of the problems are due to the
singularity of the derivative of the alchemical potential with
respect to the charging parameter λ near the decoupled state.7
Simple approaches of this kind can also be found to converge
slowly due to bottlenecks along the alchemical path caused by
poorly sampled conformational equilibria.8
These issues have been the subject of intense studies. This
collective effort resulted in a set of recommended best prac-
tices for alchemical calculations that are commonly employed
by the computational chemistry community and that are nowa-
days implemented in popular molecular simulation software
packages.5,9 For example, it is generally recommended to split
the coupling of the solute and the solvent in two phases, the
first in which the volume-exclusion core repulsion and disper-
sion interactions are turned on, and a second phase in which
electrostatic interactions are turned on. Soft-core interatomic
potentials are a useful expedient to avoid end-point singular-
ities, especially when volume-exclusion core repulsion terms
are introduced. Moreover for large solutes it is also often nec-
essary to introduce one small group of atoms at a time or to
resort to bond-growing processes in which solute atoms are
pushed out from a central point rather than directly created in
the solvent.
While successful, these strategies add layers of complex-
ity to hydration free energy calculations.10 Splitting the cou-
pling process in two phases requires specifying two alchemi-
cal schedules which are often very different from each other.
In addition, this practice relies on simulating a nonphysical
intermediate state consisting of the uncharged solute in wa-
ter which could have very different conformational propen-
sities than the actual solute. It could, for example, undergo
hydrophobic collapse. Soft-core potential function implemen-
tations are difficult and cumbersome to maintain. In addition,
they require additional parameters that need to be tuned ac-
cording to the nature of the interaction potential.
It would be therefore beneficial to develop more stream-
lined alchemical protocols that (i) compute the hydration free
energy in one continuous transformation process, (ii) that are
based on the standard form of interatomic potentials, and (iii)
that can be parameterized using a linear progression of the
charging parameter λ , while (iv) preserving or improving the
rate of equilibration and convergence of free energy estimates
relative to mainstream protocols. We present here a method
that has all of these characteristics and that has the potential
to be widely applicable. The approach is based on the work
we carried out recently to optimize binding free energy calcu-
lations with implicit solvation.11 This work resulted into the
development of a family of single-step alchemical potential
energy functions as well as a general framework to optimize
them to accelerate conformational sampling and convergence.
In the present work we illustrate how the same approach can
be employed to evaluate the hydration free energies of small
to medium-sized molecule with explicit solvation. As in our
original work, the approach is founded on the realization that
slow equilibration and convergence is caused by entropic bot-
tlenecks akin to first-order phase transitions that can be cir-
cumvented by an appropriate choice of the alchemical poten-
tial energy function.
This work is organized as follows. We first review the
theoretical and computational protocol developed earlier and
then we apply to a model system of hydration in which two
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solutes (ethanol and 1-naphtol) are transferred from the gas
phase to a water droplet. We show that the optimized proto-
cols yield results consistent with conventional approaches for
the small solute ethanol for which they can reach convergence.
For the larger solute 1-naphtol, only the optimized protocol
can achieve rapid convergence. These promising outcomes
pave the way for a novel generation of more efficient and
more streamlined single-step alchemical free energy method-
ologies.
II. THEORY AND METHODS
A. Alchemical Transformations for the Estimation of
Hydration Free Energies
Alchemical transformations are based on an alchemical po-
tential energy function that interpolates between the potential
energy function U0 of the starting state and that of the final
state U1 as the progress parameter λ goes, conventionally,
from 0 to 1. The most straightforward approach is a linear
interpolating function of the form:
Uλ (x) =U0(x)+λ [U1(x)−U0(x)] =U0(x)+λu(x) (1)
where x represents the degrees of freedom of the system and
we have introduced the perturbation function
u(x) =U1(x)−U0(x) (2)
which in the case of hydration corresponds to the solute-
solvent interaction energy and, critical to the following de-
velopments, does not depend on λ .
While straightforward, this simple alchemical potential en-
ergy function leads to instabilities and poor convergence espe-
cially when volume-exclusions terms are introduced. To ad-
dress these issues while maintaining as much as possible the
same simple framework, we consider the family of alchemical
potential energy functions of the form:
Uλ (x) =U0(x)+Wλ [usc(x)] (3)
where usc(x), defined below, is a soft-core C(2)-smooth, and
one-to-one map of the solute-solvent interaction energy u, and
Wλ (usc) is an alchemical perturbation function defined such
that W0(usc) = 0 and W1(usc) = usc at λ = 0 and λ = 1, re-
spectively. We will consider in this work the linear function
Wλ (u) = λusc and the integrated logistic function
Wλ (usc) =
λ2−λ1
α
ln
[
1+ e−α(usc−u0)
]
+λ2usc+w0 (4)
where the parameters λ2, λ1, α , u0, and w0 are functions of λ .
The name of this function comes from the fact that its deriva-
tive is the logistic function (also know as Fermi’s function):
∂Wλ (usc)
∂usc
=
λ2−λ1
1+ e−α(usc−u0)
+λ1 . (5)
The parameters of the integrated logistic function are opti-
mized using the procedure described in reference 11 and si
briefly described below.
In this work, we employ the following definition of the soft-
core solute-solvent interaction energy11
usc(u) =
{
u u≤ 0
umax fsc(u/umax) u> 0
(6)
where
fsc(y) =
za−1
za+1
, (7)
where umax > 0 is the maximum allowed value of the soft-core
solute-solvent interaction energy, z= 1+2y/a+2(y/a)2 and
a is an adjustable dimensionless exponent. Here umax = 50
kcal/mol and a= 1/16.
We stress that in this approach there are no soft-core modi-
fications of individual interatomic interactions. The soft-core
function is applied to the overall solute-solvent interaction en-
ergy u evaluated with the standard form of the Coulomb and
Lennard-Jones interatomic potentials without soft-core modi-
fications.
To obtain the hydration free energy, a set of samples of the
soft-core solute-solvent interaction energies, usc(i), are col-
lected during molecular dynamics simulations performed at
a sequence of λ values between 0 and 1. The free energy
profile as a function of λ , ∆G(λ ), is obtained by multi-state
reweighting12 using the UWHAM method.13 The hydration
free energy in the Ben-Naim standard state14 is by definition
the value of free energy profile at λ = 1, ∆G∗h = ∆G(1).
B. Analytic Theory of Alchemical Transformations
The hydration process is analyzed and optimized using the
theory we recently developed for alchemical potential energy
function of the form of Eq. (3).15 The key quantity of this
theory is in this case p0(usc), the probability density of the
soft-core solute-solvent interaction energy usc in the ensem-
ble in which solute and solvent are uncoupled (λ = 0 in this
context). All other quantities of the alchemical transformation
can be obtained from p0(usc).16,17 In particular, given p0(usc),
the probability density for the binding energy usc for the state
with perturbation potential Wλ (usc) is
pλ (usc) =
1
K(λ )
p0(usc)exp [−βWλ (usc)] (8)
where β = 1/kBT ,
K(λ )=
∫ +∞
−∞
p0(usc)exp [−βWλ (usc)]dusc = 〈exp [−βWλ (usc)]〉λ=0
(9)
is the excess component of the equilibrium constant for bind-
ing and
∆G(λ ) =− 1
β
lnK(λ ) (10)
is the corresponding free energy profile. Note that for a lin-
ear perturbation potential, Wλ (usc) = λusc, Eqs. (9) and (10)
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state that the free energy profile is related to the double-sided
Laplace transform of pλ (usc).
An analytical description of p0(usc), and thus of all the
quantities derived from it, is available. Briefly (see reference
15 for the full derivation), the theory is based on the assump-
tion that the statistics of, in this case, the solute-solvent inter-
action energy u is the superposition of two processes, one that
describes the sum of many “soft” background solute-solvent
interactions and that follows central limit statistics, and an-
other process that describes “hard” atomic collisions and that
follows max statistics. The probability density p0(u) is ex-
pressed as the superposition of probability densities of a small
number of modes
p0(u) =∑
i
cip0i(u) (11)
where ci are adjustable weights summing to 1 and p0i(u) is
the probability density corresponding to mode i described an-
alytically as (see reference 15 and appendix A of reference 11
for the derivation):
p0i(u) = pbig(u; u¯bi,σbi)
+(1− pbi)
∫ +∞
0
pWCA(u′;nli,εi, u˜i)g(u−u′; u¯bi,σbi)du′(12)
where g(u; u¯,σ) is the normalized Gaussian density function
of mean u¯ and standard deviation σ and
pWCA(u;nl ,ε, u˜)= nl
[
1− (1+ xC)
1/2
(1+ x)1/2
]nl−1
H(u)
4εLJ
(1+ xC)1/2
x(1+ x)3/2
,
(13)
where x =
√
u/ε+ u˜/ε+1 and xC =
√
u˜/ε+1. The model
for each mode i depends on a number of adjustable parameters
corresponding to the following physical quantities15:
• ci: relative population of mode i
• pbi: probability that no atomic clashes occur while in
mode i
• u¯bi: the average background interaction energy of mode
i
• σbi: the standard deviation of background interaction
energy of mode i
• nli: the effective number of statistical uncorrelated
atoms of the solute in mode i
• εi: the effective ε parameter of an hypothetical
Lennard-Jones interaction energy potential describing
the solute-solvent interaction energy in mode i
• u˜i: the solute-solvent interaction energy value above
which the collisional energy is not zero in mode i
The parameters above, together with the weights ci, are var-
ied to fit, using the maximum likelihood criterion, the distri-
butions of the soft-core solute-solvent interaction energy ob-
tained from numerical simulations.15 The distribution of the
soft-core solute-solvent interaction energy p0(usc) is obtained
from p0(u) using the standard formula for the change of ran-
dom variable.11
In this work we use the analytical theory above and the re-
sults of trial alchemical simulations to optimize the parame-
ters of the integrated logistic alchemical perturbation poten-
tial in Eq. (4).11 Briefly, the procedure consists of running a
trial alchemical calculations using the the linear alchemical
potential Wλ (usc) = λusc. The set of samples of the soft-core
binding energies as a function of λ obtained from the trial
simulation are then used to derive a maximum likelihood pa-
rameterization of the analytical model for p0(usc) [Eqs. (11) to
(13)]. We developed an application based on the Tensorflow18
to conduct the maximum likelihood optimization.19
The analytical form of p0(usc) so obtained is then analyti-
cally differentiated with respect to usc to obtain the so-called
λ -function:
λ0(usc)≡ 1β
∂ ln p0(usc)
∂usc
. (14)
Because, minima and maxima of pλ (usc) occur when the λ -
function and ∂Wλ (usc)/∂usc intersect11
λ0(usc) =
∂Wλ (usc)
∂usc
, (15)
the λ -function can be used as a guide to design alchemical
potentials that avoid the occurrence of bimodal distributions
that are difficult to converge. The linear alchemical poten-
tial Wλ (usc) = λusc leads to ∂Wλ (usc)/∂usc = λ = constant,
which in many cases intersects the λ -function at multiple
points. Here we use the integrated logistic alchemical po-
tential and we vary the parameters λ2, λ1, α , u0, and w0 as
a function of λ such that the derivative of the integrated lo-
gistic function in Eq. (5) intersects λ0(usc) at a single point
at each λ or, when this is not easily achievable, such that it
intersects it at nearby points. As thoroughly discussed in ref-
erence 11 this procedure removes or reduces the severity of
entropic sampling bottlenecks during the alchemical coupling
process and enhances conformational sampling efficiency and
convergence of the binding free energy estimates.
C. Computational Details
In this work we employ a model of hydration in which so-
lutes are transferred from vacuum to near the center of mass
of a water droplet of about 27 Å in diameter composed of 357
TIP3P water molecules (Figure 1). The droplet is confined in
a spherical region defined by a flat-bottom harmonic restrain-
ing potential centered at the origin and acting on each TIP3P
water oxygen atom. The tolerance of the flat-bottom potential
was set to 24 Å (to ensure a confinement region of approxi-
mately twice the volume of the droplet) and a force constant of
5 kcal/(mol Å2) beyond this tolerance. This model was cho-
sen to illustrate and validate the novel methodology presented
here to avoid potential issues with an implementation of the
alchemical transfer with periodic boundary conditions.20
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FIG. 1. Illustration of 1-naphtol (green carbon atoms) inserted into
the center of the droplet of water employed in this work. Water
molecules obscuring the solute are not shown for clarity.
The solutes (ethanol and 1-naphtol) were prepared
with Maestro and GAFF/AM1-BCC force field param-
eters were assigned using the Antechamber program.21
Single Decoupling alchemical calculations were pre-
pared using the SDM workflow (github.com/-
egallicc/openmm_sdm_worflow.git) using 16 λ steps.
The MD calculations employed the OpenMM22 MD engine
the SDM integrator plugins (github.com/rajatkrpal/-
openmm_sdm_plugin.git) using the OpenCL platform. The
ASyncRE software,23 customized for OpenMM and SDM
(github.com/egallicc/async_re-openmm.git), was
used for the Hamiltonian Replica Exchange in λ space with
an uniform λ schedule between 0 and 1. The λ -dependent
parameters used with the integrated logistic potential are
listed in Tables III and IV. Molecular dynamics runs were
conducted for a minimum of 2 ns per replica with a 1 fs
time-step at 300 K, exchanging λ values approximately every
5 ps. A Langevin thermostat at 300 K with a relaxation time
constant of 20 ps was used. Binding energy samples and
trajectory frames were recorded every 5 ps. Calculations
were performed on the XSEDE Comet GPU HPC cluster at
the San Diego Supercomputing Center.
In this work, we employ the Hamiltonian Replica Exchange
algorithm24–27 in alchemical space to accelerate conforma-
tional sampling.16,28,29 For the calculations reported here, we
have employed the asynchronous implementation of Replica
Exchange (ASyncRE)23 with the Gibbs Independence Sam-
pling algorithm for state reassignments.11
III. RESULTS
A. Probability Distributions of the Solute-Solvent
Interaction Energy
As discussed in Theory and Methods, the free energy pro-
file is determined by the probability distributions of the pertur-
bation energy (the soft-core solute-solvent interaction energy,
usc, in this case) along the alchemical path. The probabil-
ity distributions pλ (usc) for some values of λ obtained from
the replica exchange simulations of the hydration of ethanol
and 1-naphtol with the linear alchemical potential are shown
in Figure 2 (dots). At small λ s the distributions are centered
around large and unfavorable values of the solute-solvent in-
teraction energy reflecting the fact that atomic clashes are fre-
quent when the solute and solvent are weakly coupled. Con-
versely, at large λ s solute and solvent are strongly coupled
and the solute-solvent interaction energies tend to be favor-
able. However, the distributions do not uniformly move to-
wards lower values of usc as λ is progressively increased.
Rather, at intermediate values of λ they become bimodal with
a trough near usc = 0 separating the weakly decoupled and
strongly coupled states. The conversion from weakly coupled
to strongly coupled behavior occurs by the transfer of pop-
ulation between the two states rather than by the formation
of an homogeneous intermediate state. The transition occurs
somewhat gradually in the case of ethanol where the modes
corresponding to weakly coupled and strongly coupled states
partially overlap when they are in equilibrium near λ = 0.4
(Figure 2, green curve).
However, the transition occurs much more sharply in the
case of 1-naphtol. The system transitions from nearly decou-
pled to strongly coupled in the small span from λ = 0.333
to the next larger value at λ = 0.4. Presumably, at some λ
value between these two the two modes are equally probable.
However, it would be very difficult to establish accurately the
transition point because interconversions from one state to the
other are extremely rare (see Figure 5). The reason for this is
that the probability of visiting an intermediate state between
the weakly coupled and the strongly coupled states is immea-
surably small (Figure 2B). In particular, the analytical model
trained on this data (see below) predicts a small population of
strongly coupled states at λ = 0.333 and, conversely, a small
population of weakly coupled states at λ = 0.4 (see the minor
modes on the gold and green curves in Figure 2B). However,
as confirmed by the simulation (Figure 5), even if the predic-
tion is accurate the lack of interconversions between the two
states after a transient initial period makes it impossible to ac-
curately estimate their relative equilibrium populations at any
λ . Because the free energy is affected by the relative popu-
lations of the coupled and uncoupled states as a function of
λ ,15 it is expected (and confirmed, see below) that the hydra-
tion free energy estimate for 1-naphtol would be substantially
biased in this case.
The data shown in Figure 2 confirms the observed proba-
bility distributions of the soft-core solute-solvent interaction
energies are accurately reproduced by the analytical model
for p0(usc)11,15 parameterized to each dataset. The maximum
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FIG. 2. The predicted (continuous lines) and observed (dots) probability densities of the soft-core solute-solvent interaction energy, pλ (usc), for
the alchemical hydration of with the linear perturbation function Wλ (usc) = λusc for (A) ethanol with (from right to left ) λ = 0 (orange/red),
λ = 0.267 (green), and λ = 1 (blue), and (B) 1-naphtol with (from right to left ) λ = 0 (orange/red), λ = 0.333 (gold), λ = 0.4 (green), and
λ = 1 (blue). The predicted distributions are obtained using the analytical model for p0(usc), Eqs. (11) to (13)], with the parameters listed in
Table II.
likelihood-optimized parameters of the model are listed in Ta-
ble II. The model reproduces accurately the positions of the
distributions and their variations as a function of λ , including
the points where transitions occur.
The parameterized analytical functions for p0(usc) are ana-
lytically differentiated with respect to usc to obtain the corre-
sponding λ -functions λ0(usc) [Eq. (14)]11 shown in Figure 3
for the hydration of ethanol and 1-naphtol. These functions
are useful because they can be used to locate, graphically,
the maxima and minima of the probability distributions of the
soft-core solute-solvent interaction energy as λ is varied. The
procedure consists of finding the intersections between the λ -
function and, in the case of a linear perturbation potential, the
horizontal line drawn at the level of the desired value of λ .
Indeed, the predictions from the λ -functions in Figure 3
are quantitatively consistent with the observations in Figure
2. In each case, near λ = 0 the distributions are expected to
have a single mode at at large values of usc. As λ is increased
(that is as the horizontal line is shifted up), a back-bending
region30 of the λ -function is encountered in which typically
three intersections occur with the first and the last correspond-
ing to maxima of the distributions and the middle one to a
minimum. More complex patterns can arise when there are
multiple back-bending regions. In the case of ethanol, above
a critical value of λ (approximately 0.4) the distributions re-
turn to be unimodal at low values of the solute-solvent interac-
tion energies. In the case of 1-naphtol the back-bending of the
λ -function is predicted to be so extreme to prevent unimodal
distributions for large values of λ less than 1.
While the λ -functions identify the locations of maxima and
minima of the distributions, they alone do not predict the rel-
ative populations of competing modes. Thus, for example, at
λ = 1 1-naphtol is overwhelmingly more likely to form fa-
vorable interactions with the solvent even though a second,
immeasurably small, mode is predicted to exist at unfavorable
interaction energies.
The integrated logistic perturbation potential can be tuned
to reduce the perturbation energy gap across the hydra-
tion/dehydration transition and to avoid hard-to-converge bi-
modal distributions.11 As shown in Figure 3(A) the parame-
ters of the integrated logistic potential can be tuned to avoid
multiple intersections with the λ -function thereby avoiding
the occurrence of bimodal distributions (see below). When
this is not possible, as in Figure 3(B), the logistic potential
is still useful to reduce the energy gap between competing
modes and to favor one mode over another.
The alchemical simulations with the integrated logistic po-
tential with optimized parameters (Table II) designed based
on the predicted λ -functions (Figure 3) indeed show the ab-
sence of a gap of the solute-solvent interaction energy and a
gradual shift of the probability distributions as the solute is
coupled to the solvent (see Figure 4, to be compared with Fig-
ure 2 with the linear alchemical potential). The distributions
with the integrated logistic alchemical potential are also gen-
erally unimodal reflecting either lack of multiple modes or the
gradual shift from one mode to another as λ is varied. The
effect of the integrated logistic potential is smaller in the case
of ethanol which does not exhibit a strong hydration transition
with the linear potentials. It has, however, a very substantial
effect on 1-naphtol where an interaction energy gap of more
than 30 kcal/mol (Figure 2B) is virtually eliminated (Figure
4B) thereby facilitating interconversions between the weakly
coupled and strongly coupled states (see below).
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FIG. 3. The predicted λ -functions for the hydration of (A) ethanol and (B) 1-naphtol obtained from the analytical model for p0(usc) [Eqs. (11)
to (13)], and Eq. (14) with the parameters listed in Table II. The dashed horizontal lines correspond to the values of λ where the probability
distributions of the soft-core solute solvent energy are predicted to be bimodal [λ = 0.267 in (A) and λ = 0.333 and λ = 0.4 in (B)]. The point
of intersections of the horizontal lines correspond to the maxima and minima of the respective distributions (Figure 2).11 The solid sigmoid
curve is the derivative, ∂Wλ (usc)/∂usc, of the integrated logistic function for a representative value of λ [λ = 0.6 for (A) and λ = 0.4 for (B)].
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FIG. 4. The probability densities of the soft-core solute-solvent interaction energy from the alchemical simulations with the integrated logistic
perturbation potential [Eq. (4)] with the parameters in Table II for the hydration of (A) ethanol and (B) 1-naphtol. The distributions shift from
right to left with alternating colors as the λ progress variable progressively varies from 0 (vacuum state) to 1 (hydrated state).
B. Analysis of Replica Exchange Efficiency
Hamiltonian replica exchange efficiency has been moni-
tored here in terms of the extent of diffusion of replicas in
solute-solvent interaction energy space. We are particularly
interested in the rate of transitions between coupled states with
favorable solute-solvent interaction energies and uncoupled
states with large and repulsive interaction energy. The time
trajectories of the soft-core solute-solvent interaction energies
sampled by the replicas are shown in Figure 5. The number of
transitions from uncoupled to coupled states (hydration) and
vice versa (dehydration) is presented in Table I.
The data indicates that ethanol undergoes frequent hydra-
tion/dehydration events with either the linear and integrated
logistic perturbation potentials. 1-naphtol however undergoes
very few hydration/dehydration transitions and none at all in
the latest three quarters of the simulation with the linear per-
turbation potential. This is due to the wide and strong inter-
action energy gap between the distributions of solute-solvent
interaction energies of states near the coupled state and those
near the decoupled state (Figure 2). The bulky nature of this
solute makes it very improbable for a decoupled 1-naphtol
molecule to find a suitable cavity in the solvent to make favor-
able interactions with the solvent. Conversely, 1-naphtol in
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FIG. 5. Soft-core solute-solvent interaction energy trajectories for selected replicas of the alchemical replica exchange simulations of the
hydration of ethanol (top) and 1-naphtol (bottom) as a function of simulation time with the linear (left) and integrated logistic (right) alchemical
perturbation potentials. Ethanol undergoes multiple hydration and dehydration events with either alchemical perturbation. The bulkier 1-
naphtol undergoes frequent hydration and dehydration events only with the integrated logistic perturbation potential.
TABLE I. Number of hydration and dehydration transitions
Protocol nhydr ndehydr
ethanola
Linear 58 60
Logistic 48 49
1-naphtolb
Linear 1 3
Logistic 21 23
a ulower =−10, uupper = 25 kcal/mol
b ulower =−20, uupper = 25 kcal/mol
a coupled state is unlikely to overcome the energetic penalty
necessary to become decoupled from the solvent. The cou-
pled and decoupled states of 1-naphtol are separated by es-
sentially a pseudo first-order phase transition which is entrop-
ically frustrated in the hydration direction and energetically
frustrated in the dehydration direction.
The integrated logistic perturbation potential on the other
hand is very effective at circumventing the phase transition.
As shown in Figure 5 and Table I, with the integrated logistic
potential 1-naphtol undergoes many hydration and dehydra-
tion transitions. This makes it possible to rapidly equilibrate
and converge the hydration free energy estimate for this solute
(see below).
C. Equilibration of Hydration Free Energy Estimates
The computed hydration free energy estimates of ethanol
and 1-naphtol are plotted in Figure 6 as a function of the
amount of data discarded from the start of the simulation
(equilibration time). These plots, referred to as reverse cu-
mulative equilibration profiles,31–33 are used to determine the
equilibration time after which the time series of data gener-
ated by the simulation becomes stationary and not biased by
the starting conditions. It is not obvious to pin-point such a
time because, while the accuracy of the binding free energy
presumably improves as more non-equilibrated samples are
discarded, the precision of the estimate (illustrated by the er-
ror bars in Figure 6) worsens as more initial samples are dis-
carded. Here we take the approach of choosing the hydration
free energy estimate with the best compromise between bias
and precision as the one corresponding to the smallest equi-
libration time that gives a value statistically indistinguishable
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from those at all subsequent equilibration times.
Based on this criterion, we conclude that the hydration free
energy of ethanol equilibrates almost immediately after the
start of the simulation with either the linear or integrated logis-
tic alchemical potentials. The two estimates are −2.30±0.14
kcal/mol and −2.16± 0.16 kcal/mol for the linear and inte-
grated logistic potentials, respectively, are in statistical agree-
ment. Given the very different nature of the alchemical paths
in the two simulations, it must be concluded that equilibra-
tion and convergence of the hydration free energy has been
achieved in this case. This positive outcome is consistent with
the high rate of hydration and dehydration events observed for
ethanol (Figure 5 and Table I). It also confirms the validity of
the alchemical protocol and the correctness of the simulation
algorithms in producing a canonical ensemble of conforma-
tions.
The reverse cumulative equilibration profiles paint a dif-
ferent picture for the bulkier 1-naphtol (Figure 6). With the
linear perturbation potential the hydration free energy of 1-
naphtol appears to equilibrate after approximately 0.75 ns at
a value of −3.23± 0.25 kcal/mol. With the integrated lo-
gistic potential instead, the hydration free energy appears to
equilibrate immediately after the start of the simulation at a
value of −3.86±0.22 kcal/mol. The two values are most cer-
tainly statistical inconsistent (the p-value of being equivalent
is 8×10−5 based on a simple t-test) and, based on the very few
occurrences of hydration/dehydration events (Table I) and the
slow equilibration (Figure 6), it can be concluded that the es-
timate with the linear alchemical potential is the least reliable.
IV. DISCUSSION
Alchemical hydration free energy calculations are widely
employed to predict the water solubilites of substances,4,34
test force field and free energy protocols,35–37 and to esti-
mate absolute and relative binding free energies of molecular
complexes.3,38 While early alternatives have been proposed,39
the generally accepted guidelines to avoid slow convergence
and numerical instabilities are to split the alchemical hydra-
tion process in two steps. In the first step volume-exclusion
and dispersion solute-solvent interactions are turned on, fol-
lowed by a second step in which electrostatic interactions are
established.9 In addition, especially during the first phase, it
has been found necessary to employ customized soft-core in-
teratomic pair potentials.40,41
These free energy practices are widely implemented in pop-
ular molecular simulation packages,22,42–45 and, while gen-
erally successful and robust, their equilibration and conver-
gence rates are likely not optimal. In addition their deploy-
ment and software implementations can be cumbersome and
difficult to integrate and maintain alongside other molecu-
lar simulation algorithms. A recent study by Lee et al.10
discussed the downsides of multi-step free energy meth-
ods and called for a streamlined single-step approach that
would more easily be integrated with extended ensemble and
self-adjusting conformational sampling algorithms and non-
equilibrium approaches.46,47 Lee et al.10 furthermore pro-
posed a family of soft-core pair potentials and non-linear al-
chemical hybrid potentials that enable the calculation of hy-
dration free energies in a single step in which Lennard-Jones
and Coulomb interactions are varied in concert rather than
separately.
In a recent study11 we identified pseudo first-order phase
transitions along the alchemical path as the critical and funda-
mental obstacles to the application of single-step alchemical
processes in which two chemical species are coupled to each
other. In the same study, we applied Hamiltonian-shaping
techniques inspired by non-Boltzmann sampling methodolo-
gies developed by Straub and collaborators30,48 for the study
of temperature-driven first order phase transitions, to choose
an alchemical path that avoids or soften biphasic behavior. In
this study we show that the same techniques that we devel-
oped earlier in the context of an implicit description of the
solvent can be also applied to the estimation of hydration free
energies with explicit solvation. This approach not only in-
troduces a new family of alchemical perturbation functions
of potentially wide applicability, but it also proposes a theo-
retical framework and a numerical and graphical procedure to
optimize them to systematically improve conformational sam-
pling and the rate of equilibration and convergence of free en-
ergy estimates.
The theoretical, algorithmic, and numerical simulation
strategies presented and the promising results illustrated here
suggest a possible roadmap to streamline and improve al-
chemical free energy protocols as currently implemented in
popular molecular simulation packages. The first suggestion
is to replace soft-core pair potentials with, as done here, a
soft-core function applied to the raw overall solute-solvent in-
teraction energy (without soft-core modifications) [e.g. using
Eqs. (6) and (7)] rather than to each individual atomic pair as
currently done. This would effectively replace a O(N2) op-
eration with a O(1) operation that can be easily executed by
a single subroutine external to the complex procedures used
to perform pairwise calculations. The processing of the gra-
dients of the alchemical potential would require a O(N) op-
eration but it would still external and separate from the main
pairwise loop.
The second suggestion emerging from this study is the use
of a non-linear alchemical perturbation that, like the inte-
grated logistic potential we propose [Eq. 4], judiciously warps
the alchemical path in critical regions to avoid phase transi-
tions, while retaining a linear character away from the prob-
lematic regions. Furthermore, we suggest the use of the λ -
function formalism [Eqs. (14) and (15)] and adaptive maxi-
mum likelihood-based approaches to systematically optimize
the alchemical schedule and the alchemical perturbation func-
tion to enhance equilibration and convergence.
V. CONCLUSIONS
We employ a statistical mechanics theory and an analytic
theory of molecular association15 used previously to optimize
a single-decoupling alchemical approach to binding free en-
ergy estimation11,30 to the computation of hydration free en-
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FIG. 6. Reverse cumulative equilibration profiles of the hydration free energies of ethanol (top) and 1-naphtol (bottom) as a function of
equilibration time with the linear (left) and integrated logistic (right) alchemical perturbation potentials. The horizontal line corresponds to the
last value.
ergies of small to medium-sized molecules. The approach and
its benefits are illustrated for a model system involving the hy-
dration of two solutes in a water droplet. This proof of prin-
ciple study paves the way for a new generation of streamlined
and improved single-step free energy estimation algorithms of
wide applicability.
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TABLE II. Optimized parameters for the analytical model of molecular association for the two systems studied in this work. Uncertainties are
implied by the number of reported significant figures.
weight pb u¯ba σ ab ε
a u˜a nl
ethanol hydration
mode 1 3.55×10−3 1.88×10−6 −7.30 2.65 3.75 −1.69 4.78
mode 2 2.07×10−1 8.89×10−7 −4.51 2.65 22.6 30.3 4.70
mode 3 7.90×10−1 1.88×10−9 9 1.7 15.6 85 9.1
1-naphtol hydration
mode 1 1.94×10−8 9.31×10−8 −15.35 3.24 4.93 2.52 4.87
mode 2 2.31×10−7 6.13×10−8 −10.70 3.22 7.91 15.1 6.10
mode 3 1.00 1×10−20 13.7 3 18.5 72 17.5
a In kcal/mol
TABLE III. Alchemical schedule of the integrated logistic perturba-
tion function for the hydration of ethanol
λ λ1 λ2 αa u0b w0c
0.000 0.000 0.000 0.400 10.000 0.000
0.067 0.000 0.044 0.400 10.000 -0.521
0.133 0.000 0.089 0.400 10.000 -1.043
0.200 0.000 0.133 0.400 10.000 -1.564
0.267 0.000 0.178 0.400 10.000 -2.086
0.333 0.000 0.400 0.400 8.889 -4.249
0.400 0.000 0.400 0.400 6.667 -3.360
0.467 0.000 0.400 0.400 4.444 -2.471
0.533 0.000 0.400 0.400 2.222 -1.582
0.600 0.000 0.400 0.400 0.000 -0.693
0.667 0.167 0.400 0.400 0.000 -0.404
0.733 0.333 0.400 0.400 0.000 -0.116
0.800 0.500 0.500 0.400 0.000 0.000
0.867 0.667 0.667 0.400 0.000 0.000
0.933 0.833 0.833 0.400 0.000 0.000
1.000 1.000 1.000 0.400 0.000 0.000
a kcal/mol−1
b kcal/mol
c kcal/mol
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TABLE IV. Alchemical schedule of the integrated logistic perturba-
tion function for the hydration of 1-naphtol
λ λ1 λ2 αa u0b w0c
0.000 0.000 0.000 0.400 5.000 0.000
0.067 0.000 0.116 0.400 5.000 -0.778
0.133 0.000 0.231 0.400 5.000 -1.557
0.200 0.000 0.347 0.400 5.000 -2.335
0.267 0.000 0.462 0.400 5.000 -3.113
0.333 0.000 0.578 0.400 5.000 -3.892
0.400 0.000 0.867 0.400 5.000 -5.837
0.467 0.000 0.867 0.400 1.667 -2.947
0.533 0.067 0.867 0.400 0.000 -1.387
0.600 0.200 0.867 0.400 0.000 -1.156
0.667 0.333 0.867 0.400 0.000 -0.925
0.733 0.467 0.867 0.400 0.000 -0.694
0.800 0.600 0.867 0.400 0.000 -0.463
0.867 0.733 0.867 0.400 0.000 -0.232
0.933 0.867 0.867 0.400 0.000 0.000
1.000 1.000 1.000 0.400 0.000 0.000
a kcal/mol−1
b kcal/mol
c kcal/mol
